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Asymptotic / Non-asymptotic Bounds

» Limit, epsilon and delta  lim fy = f

— OO

— For any ¢, there exists 6 such that

v —fl<e
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Machine Learning and Consistency

« With increasing number of data
— Expected loss

L= "lp [l(y, f(X))] [(y, y'): loss function

— Estimated Error

izzl(ynaf(xn))a f(X) cH

H satisfies
E . ] P{sup (L(f) —E(f)) >et =0 for e€>0
N — o0 feH .
<Uniform convergence>
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Interest in This Lecture

* We are interested in bounding random

fluctuations of functions of many independent
random variables.

c let f: X" —R and

Z:f(Xla"wXN)

with independent random variables xi,...,XnN.
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Interest in This Lecture

* The estimator will be close enough to the true
value (or expectation of the estimator).

— Asymptotically

fn = f

N — o0

— Non-asymptotically (with fixed N)

P{Z>EZ—|—?5} and P{Z<EZ—?5}
for t >0

,., } Seoul National University 7



All of
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A Concise Course
in Statistical

Inference

Larry Wasserman
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ASYMPTOTIC CONVERGENCE
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Convergence

« Convergence in probability: Zx LN/
P{lZy —Z|>€} =0 (N—o0e>0 J
« Almost sure convergence: Zy — Z
P9 |

» L2-convergence: 7z, 7

E(Zy —Z)° =0 (N — o) ]
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Convergence

« Convergence in distribution Zny ~~ Z

o-
/@; z) F(Z = 2)

i |

Z, 2 2 2
lim Fy(z) = F(z)
N — 00

For this distribution, convergence in distribution implies

In D Z (= Zo)
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Relationship Between Types of Convergence

point-mass distribution

- —
- ‘\

quadratic mean —___ o ~
probability > distribution

almost sure
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Relationship Between Types of Convergence

point-mass distribution

quadratic mean —___ et ~
probability > distribution

almost sure

* BX) Zy - Z & P(Z=2)) =1

— In 5 Z (= Z0)

P(’ZN—Z0|>6):P(ZN<Z()—€)—I—P(ZN>Zo—€)
P(ZNSZO—E)—I—P(ZN>ZO—6)
FN(ZO—€)+1—FN(ZO—|—6)

S F(Zo—€) +1— F(Zo +¢)
=0+1—-1=0

A
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Convergence in Probability

X(s)=s s ~ Unif |0, 1]

A sequence Xq, Xo,... isdefined as follows:

Xl()—8—|—101(8) XQ(S):S+I
Xo(s)=s+ T yy(s)  Xals)=s+1,
X5(s) = s+ 111 2)(s) Xg(s) = s+ I

P Xy —X|>€e)=0 (N — o0

cblm o O

)

—_ W= N

~—~ /—
»w» «»Ww O
~— — —
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Convergence in Probability

Xi(s) = s+ I01(5) Xo(s) = s+
X3(s) = s+ 11 15(s) Xy(s) =s+1
X5(s)—3—|—l[373](5) Xg(s) = s+ I

RIS \.O )
e e
Vs Vs »n
~— N N

» If s =3/8,

X3(s) =3/8 Xy(s) =3/8
X5(s) =11/8  Xg(s) =3/8

For every s, Xn(s) alternates between s and s+/ infinitely
often.

lim Xy #X

Not a.s. convergence
N —o00

),
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Convergence of Maximum Likelihood
Estimation

« Sensitivity of probability density function with

respect to the parameter §: ¢ 10g§9("5 ) (= Vo log p(x;6))

—

We note
Ex~p [Volog p(x;0)] = / p(x;0) Vg log p(x; 0)dx

— /p(x; Q)VEéEXé)H) dx = Vy /p(x; B)dx = Vol =0

,., } Seoul National University 16




Convergence of MLE

 Fisher information
[(9) — Exwp [(ve logp(X7 9))2}
= Var (Vglogp(x;6))

. / (V2 log p(x; 0)) p(x; ) dx

* Asymptotic Normality of MLE

On =9\ ( CEUN 1))
VI/(N -1(0)) VUV - 1))

se( 9N \/1/ N -I(60 (Or SAe:\/l/(f\fu’(@v)))

) Seoul National University 17 ﬁ=j;ﬁ BOTICS
el W’ LABORATORY




Convergence of MLE

* EXx) X1,...,Xn ~ Bernoulli(9)

p(z;0) = 07(1—6)' "

0%logp(x;0) @ 1 —x

002 02 (1—-0)?
0% log p(z; 0) 0 1—-6
1(6) = Eony [_ 062 ] R RRE)E

N
X;
v=2Ly

—2s6

1

>y

91— 0)

95%
i confidence

H 2se
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NON-ASYMPTOTIC
CONVERGENCE
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Markov’s Inequality

* If Z >0
EZ

P(Z>1t)§T

tﬁ Seoul National University 20 R BOTICS
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Markov’s Inequality

 If Z>0
EZ

P(Z>1t)§T

EZ = d/ ZP(Z
0

t o0
/ ZP(Z)dZ + / ZP(Z)dZ
0

/ ZP(Z)iZ > / tP(Z)dZ
t t

t/tooP tP(Z > 1)

1V
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Markov’s Inequality

 If Z>0

EZ

Less than ——
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Markov’s Inequality

 If Z>0
EZ

P(Z>1t)§T

* The bound is tight when

1
0 EZ t
} Seoul National University 23 QC?EQIICS




Chebyshev’s Inequality
Var(Z) =E(Z —EZ)?

P(|Z—-EZ|>t)=P(Z-EZ)* > %) <

Var(Z)

t2

Seoul National University 24




Chebyshev’s Inequality

Var(Z) =E(Z —EZ)?

P(|Z—-EZ|>t)=P(Z-EZ)* > %) <

Var(Z)
t2

Meaningless 1f
t* < Var(2)

25




Example of Concentration (Chebyshev)
* If we are interested in
Z = % Zi\; XA

with independent RV.s Xq,..., Xy

Seoul National University 26 ':\’0 BOTICS



Example of Concentration (Chebyshev)

 If we are interested in

N
Z = %Zz’ﬂ X

with independent RV.s Xq,..., Xy

Var(Y X;) = o0 Var(X;) = NVar(X,)

(|

N
ZXi ~ N
1=1

4X1

5

- NVar(Xq)
< 5

,., } Seoul National University
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Example of Concentration (Chebyshev)

« We are interested In
N
4 = % Zz’:1 X

with independent RV.s Xq,..., Xy

* Equivalently,
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W’ LABORATORY



Chernoff Bounds

 Motivation:
— Central limit theorem:

X ~ N(0,0%)

\/N(]bzxu) - X

} Seoul National University 29 I%’CQBDTICS
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Chernoff Bounds

 Motivation:
— Central limit theorem:

]\}ij)noop{if;)ﬁ' —EX; > \/tN} =1-9(t//Var(Xy))

| 12
U(x) :/ me_ﬁx dx

i ] ] ] e .
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Chernoff Bounds

 |f we use

we obtain

N
. 1 VVar(Xy) ____2
lim P X@ — EXz > — p < e 2Var(Xy)
N =00 {N Z } /27t

+2
< 6_ 2Var(Xq)

(t for \/V&:(Xl) < 1)

RC/BS
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Chernoff Bounds
 Chernoff Bounds

P{Z-EZ>t)=P {e)‘(Z_EZ) > e/\t}

A>0
Fe ANZ—-EZ)
<
=T N
} Seoul National University 32 ':*C? BOTICS




Example of Concentration (Chernoft)

1
Z== > X,
N N
Eer 22 Xi — EHeAXi = HEGAXi
i=1 \ i=1

Independence

From Hoeffding’s inequality,
Xl)"'aXN < [0,1] ]EeA(X’i_EX’i) S 6A2/8

2
< — o8 At
et —  pAt
22 2
mines ~M = ¢ ?
A
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Example of Concentration (Chernoft)

1 N
P N;Xi—lﬁz

1 N
N 2 X

> 1
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Martingale and Efron-Stein Inequality

{,Z.[Z] —

EX)

27| X1,..., Xi]  EolZ] =E[Z]

Z=X,+ 4+ Xx

For

/=

i 2]

X+ 4 X+ Xogr -+ Xn
—_——  —
fixed R.V.
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Martingale and Efron-Stein Inequality

Ei[Z]:/f(Xl,...,XN)p(Xi_|_1,...,XN|X1,...,Xz')

dx; 1 ...dxXy

— gi(xla " w . 7X’i)

— function of x1,...,x;

Seoul National University 36 R/ /BOTICS
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Martingale and Efron-Stein Inequality

 EXxcercise
7 > 1, EZEJZ =E;Z

E.E;Z = E,; /f(Xl,...,XN)p(Xj_I_l,...,XN|X1,...,Xj)de+1...dXN

— function of x;,...,x;

=Eigj(x1,...,%;)

= /gj(xl, o X)P(Kig 1y, XN XD, -, X )AX gy - dX Y

— /gj(xl, o X)D (X1 s XX, XG)dXG 1 - dX

Seoul National University 37 R(/BOTICS
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Martingale and Efron-Stein Inequality

— //f(xl, oS XN)P(X41, S XN XD, - X)dX 4 L dX Yy

P(Xit1s -y XK1, 00, Xi)dXipq - .. dX;

— /f(xl, o S XN)P(Kig s s X1, Xy e XN X - X)
dXi41...dX;dX;41 ... dXN

~E,Z

Seoul National University 38 ':\’0 BOTICS



Martingale and Efron-Stein Inequality

* Doob (Joseph Leo Doob) martingale
representation

A, =EZ-E;,_1Z

ZA?; ExZ — En_ 1Z
=l 4 Eye 12 — Eni2Z + -

+ E«Z — EZ
—EnZ — EZ
' 7 _ Rz

s e e e e s s ..




Martingale and Efron-Stein Inequality

Var(Z) =E [(Z —EZ)?]

40




Martingale and Efron-Stein Inequality

E[A;Aj] = /AiAjp(Xl, XN )dX .. dX N

— // AN AD(Kig1, - XN|XL, oo, Xi)dXig ... dXN
p

(Xl, . o 8 ,Xz')dxl o o .dXZ'

— /Ez [AiAj]p(Xl, S ,Xi)dxl s 5w dXi

/ gfé(Xl,...,Xil gj(Xl,...,Xj) p(X'L’—I—ly---7XN‘X17---7Xi)dX7L—|—1---dXN

4

TV
functionlof X1 yenny x; function of xq,..., X

\ 4
= gi(X1,...,%;) | g5 (X1, .., X)) P(Xiq1, . XN X1, .0 Xg)dX 41 - dXN

} Seoul National University 41 Q(j BOTICS



Martingale and Efron-Stein Inequality

J >,
E,A; =E,(E;Z —E;_12)
=E; (Ef(xj+1,...,%xn) —Ef(x;,...,xn5) )
:/(gj(Xl,...,Xj)_gj1(X17-~-7Xj1))
P(Xid1,- s XN|X1, .0y X5)dXi01 ... dXN
:/gj(xl,...,Xj)p(xi+1,.--,Xj\X1,---,Xi)dxiﬂ---de

—/gj—l(X1,~--,Xj—1)P(Xz'+1,--~>Xj—1|X1,---,Xi)dXz'+1---de—1

} Seoul National University 42 Q(j BOTICS



Martingale and Efron-Stein Inequality

/ f(X1, ., XN)D(Xj41, - - XN X1, - -, X))

P(Xig1s -, Xj|X1, ooy Xg)dXig1 ... dXjdX 41 ... dXpy
/ f(x1,....xn)P(X, ..., XN|X1, ..., X5-1)
P(Xig1,. .-, Xj— 1\X1, oy Xi)dXy - dXodX L dX N

— /f(xl, ey XN )P(Kia 1y S XN X, e, X )dX Gy - dX Ny

—/f(Xh o XN)P(Kia 1y e, XN X, X)Xy . dX N

43 F%C?BDTICS
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Martingale and Efron-Stein Inequality

Var(Z) = Z E[Af]

N, = B,Z-E;_1Z = E;[Z—-E9Z]

E(i)Z:/f(X17"'7XN)p(Xi’X17'"7Xi—17Xi-|—17"'7XN)dXi

Show that
EEDZ =, (Z

Seoul National University 44
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Martingale and Efron-Stein Inequality

A, = E;[Z -EWZ]

From Jensen’s inequality
(Square of expectation vs.
Expectation of square),

A? < B |(Z-ED2)

Note N

Var(Z) = Z E[A?]

1=1

} Seoul National University 45
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Martingale and Efron-Stein Inequality

Show that E [E;[a]] = Ela] -

> EAZ] < E [Ei[(z _ E“)Z)?]}

Seoul National University 46




Martingale and Efron-Stein Inequality

VWmZzEmUZ—Em@ﬂ

Conditional variance operator conditioned on
X(Z) (: X17 g e s 7X’i—17Xi—|—17° - o 7XN)

E[VarYZ] =E [E(i) [(Z _ E(i)Z)QH

:EUZ—Em@ﬂ

(from E [E(i) [a]] = Ela] )
Also show this!!

} Seoul National University 47 I:%C? % QQC%



Martingale and Efron-Stein Inequality

E[A] = E[(Z -EWZ)?

= E[Var') 2]
N | \
Var(2) <Y E [(Z _ IE("‘)Z)Q}
1=1
N @
= ZE {Var(’)(Z)}
1=1
_J
Seoul National University 438 ';’0 BOTICS




Martingale and Efron-Stein Inequality

 How can we use the inequality?

D Var(Z) < % ZE (Z - Z})?

AR ' independent copy of Z
conditionally on X (%)

| 1.
We use Var("‘)(Z) O [(Z _ Zz{)2]

T
(sl )

Independent realizations X, Y ~ P

{8 Seoul National University 49 R/ /BOTICS
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Martingale and Efron-Stein Inequality

 How can we use the inequality?

@ Var(Z2) < Zlng (Z — Z;)"]

We use | |
Var'Y(Z) = ing(Z) (Z — Z;)?]

Conditioned on x (9

} Seoul National University 50




Functions with Bounded Differences

fox¥oR

Sup ‘f(Xla' "7XN)_f(X17' "7X’i—17Xfi)X’L’—I—17" 7XN)‘ < &

X1,..,XN,X,EX

for some nonnegtive constants cq,...,cy

(= If we change the i-th variable of f while keeping all the others
fixed, the value of the function cannot change by more than c..)

N
Var(Z zz:c

1=1

.-lklr—‘

Seoul National University 51 R
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Functions with Bounded Differences

1 N
Var(Z Z Z C;
1=1
Proof:
N
Var(Z) <) infE [(Z — Z)?]
i=1 "
If we let 1 /
Z’in Sug{f(xla"'7Xi—17Xi7Xi+17"'7XN)
x’ e
+X1Iéf:)( f(Xla s 7XZ'—17X;'7X’H—17 s 7XN)>
ci\2 ¢
Middle between max and min
} Seoul National University 52 Q(j?%ﬂ%%




Kernel Density Estimation

¢N<x>=N+W§;K(X,;NXi> [x
Z(N) = flxa,. xn) = [ 16(x) = éw (x)]dx
f(x1,. ., XN) — [(X1y. e, Xy X))

< /e (5 -+ (55

Var(Z(N)) <

53
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Kernel Density Estimation

By Chebyshev’s inequality

P{‘ ZIN) 1{ > e} :P{\Z(N)—IEZ(N)] > dEZ(N)}

EZ(N)

54
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Bounded Difference

« Bounded difference extends to Rademacher
average bounding and McDiarmid inequality.

* Foundations of learning theory

{8 Seoul National University 55 R/ /BOTICS
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Asian Conference on Machine Learning
(ACML) in Seoul

» http://www.acml-conf.org/2017/

* Nov.15-17 (Wed. —Fri.), 2017

e /| M http://wunw.acml-conf.org/2017/ L2~ & || & The 9th Asian Conference o... %

File Edit View Favorites Tools Help x %5:

ACML 2017  Conference ~  Authors & Contributors ~  Participants ~

The 9th Asian Conference on Machine Learning

November 15 - 17, 2017, Yonsei University, Seoul, Korea

ACML 2017

Welcome to the 9th Asian Conference on Machine Learning (ACML 2017). The conference will take place on November 15 - 17, 2017 at Baekyang
Hall of Yonsei University campus, Seoul, Korea. We invite professionals and researchers to discuss research results and ideas in machine learning.
We seek original and novel research papers resulting from theory and experiment of machine leaming. The conference also solicits proposals
focusing on disruptive ideas and paradigms within the scope. We encourage submissions from all parts of the world, not only confined to the Asia-
Pacific region.

As machine plays critical role in various fields of industry, machine learning researchers needed to gather and share new ideas and achievements at
a forum. ACML has begun to take place annually over the Asian regions since 2009. This is the Sth Conference to be held in Seoul, Korea after
Hamilton, New Zealand (2016), Hong Kong, China (2015), Nha Trang, Vietnam (2014), Canberra, Australia (2013}, Singapore (2012}, Taoyuan,
Taiwan (2011), Tokyo, Japan (2010), and Nanjing, China (2009). The conference has confributed to understanding the machine leaning, bringing
inspiration to scientists, and applying the technologies to industries. This conference will consist of informative and integrated programs as traditions
of the previous ones.

Yonsei University, one of most prestigious universities, is about 130 years old historical campus in Korea. The University street called "Sinchon” is connected to Ewha Womans
University and Hongik University as one of youth hotspots. You can walk along 'Sinchon's Pedestrian Friendly Street’ which is full of cafes, fashion items, and beauty goods. The district
is located at the heart of Seoul with easy access to cultural and attractive sites. Seoul is ranked by Asian tourists as their favorite world city three years in a row. Come experience the
history and excitement of modern Seoul.

Authors & Contributors

» Call for Papers

Speakers

BY Seoul National University 56 R/ /BOTICS

LABORATORY




THANK YOU

Yung-Kyun Noh
nohyung@snu.ac.kr

tﬁ Seoul National University 57 R BOTICS

LABORATORY



